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On the Accuracy of Whitham’s Method
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The steady flow of an ideal gas past a conical body is studied by the method of matched asymptotic expansions
and by Whitham’s method in order to assess the accuracy of the latter. It is found that while Whitham’s method
does not yield a correct asymptotic representation of the perturbation field to second order in regions where the
flow ahead of the Mach cone of the apex is disturbed, it does correctly predict the changes of the second-order
perturbation quantities across a shock (the first-order shock strength). The results of the analysis are illustrated

by a special case of a flat, rectangular plate at incidence.

I. Intreduction

HE method of Whitham! 2 for computation of shock waves
in supersonic flow has been employed extensively in recent
years, especially in the study of sonic boom propagation.?
While its simplicity of application is advantageous, analytical
justification of the method often rests on a comparison of its
predictions with results obtained by alternative analyses. It is
recognized that the technique is inadequate to describe shock
propagation involving focusing or diffraction-like effects,? but its
accuracy in certain other circumstances is not fully established.
The present paper is devoted to an assessment of the accuracy
of the Whitham theory in certain cases in which the flow
ahead of the shock wave may be disturbed. For simplicity of
presentation, only conical flow is considered, although extension
of the results to describe the more general situation is, in
principle, not difficult. The technique applied here is the method
of matched asymptotic expansions,* which provides a rational
perturbation scheme predicting the relative error at any stage of
the perturbation process. When the results of the Whitham
theory are expanded in variables corresponding to those used
in the method of matched expansions, it can be determined
by comparison whether Whitham’s method yields a uniform
approximation to the flowfield near the shock. In particular, it is
found that in the vicinity of the Mach cone from the apex of a
conical body the deviation of the field from linearized theory is
correctly approximated only if the flow ahead of the surface of
discontinuity is undisturbed. The Whitham theory does, however,
predict the correct shock strength even when the flow ahead is
disturbed.

II. Formulation

The problem to be considered is the steady flow of an ideal
gas past a stationary, thin, conical body. The speed, pressure,
and density of the approaching stream are, respectively, denoted
by V,. po. and p,. The freestream Mach number is denoted by
M, and a “conical” variable, r, is defined as r = fF/z, where
(7, 8, z)form a cvlindrical coordinate system, and § = (M?— 1)¥/2,
Then the surface of a thin conical body with apex at the origin
is defined by equations of the form rsinf = eG(rcosf) (in
general, two such equations are required to define the upper and
lower surfaces of the body). The small parameter ¢ introduced
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is a measure of the perturbations which the body produces in
the undisturbed stream.

The equations governing the flow, which express the conserva-
tion of mass, linear momentum and energy, are well known and
may be written in the form

V- (p%) =0 pv-VV+V5=0 M)

v-V[V-92+(/(y~D)p/p] =0

where v, p, and p are, respectively, the velocity vector, pressure,
and density. Further, a boundary condition which requires the
velocity at the body surface to be tangent to that surface, and
an initial condition which requires that the disturbances vanish
ahead of the wave surface generated by the body, must be
imposed. Dimensionless perturbation quantities are introduced
as follows

u="0/Vo v="0/V, w=70,/Vo—1 p=(F—po)/po 2

P =(p—po)/po
From the definition of ¢, all these perturbation quantities tend
to zero as ¢ approaches zero. Since only conical bodies are
considered, “conical flow” solutions are sought: solutions where
(u, v, w, p, p) depend on r and 6, but not on z. The equations

of motion (1) in terms of the conical variables (r, §) are listed
in Ref. 5, where the formulation is discussed in more detail.

II1. The Linearized Solution

Since the governing equations (1) are nonlinear, approximate
solutions are sought by linearizing the equations on the
hypothesis that the perturbations, Eq. (2, are small. The
linearized equations are obtained immediately from Eq. (1) by
dropping all terms containing products of the perturbations.
Alternatively these equations can be obtained more formally by
assuming that the exact solution to the problem has an “outer”
asymptotic expansion of the form

u(r, 0;e) = e (r, 0)+o(e), v(r,0;¢e) = ev'V(r,0)+o0(e),. .. etc.
3

The results of this linearized theory are discussed in Refs. 5 and 6
where it is shown that the solution may be expressed in terms
of a “conical potential,” f(r, 8), as

w® = Baffor, o =(B/r)af/o0, wh =f—rodfjor, and
P = ph = — M) “)

where f satisfies (1-r2)f,, +(1/r)f,+(1/r))f,, = 0. Particular
interest here is directed toward the conical surface r = 1, which
is a characteristic of discontinuity in the linearized theory. In
the vicinity of this characteristic, f is represented by expansions
of the form>®:
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10,0 = D(6)— C(O)(1—-7r)+3BO)(r—1)>*+ ---forr > 1 )

’ D) —CO1—r)—24@O) (1 —r)¥*+ - forr < 1
The coefficients A(8), B(0), etc., are in general analytic functions,
except at certain singular points. However, as noted in Ref. 6,
the linearized theory does not provide a valid approximation to
the flow near the wave front, r = 1. This difficulty can be traced
to the square-root singularity in f,,, and manifests itself physically
in the prediction of a continuous field where shock dis-
continuities are known to exist.

IV. The Whitham Correction

Whitham,'-? proposed a simple, physically plausible, pro-
cedure for correcting the linearized solution so that it would
provide a correct approximation to the flow near the wavefronts
as well as away from them. There are several distinct steps in
the Whitham theory. The first of these requires that the linearized
solution be expressed in new independent variables: 1) a
relevant linearized characteristic variable, Z, such that & = const
is a characteristic of discontinuity in the linearized theory
2) a ray parameter which is constant on curves perpendicular
to the linearized wavefronts, and 3) a variable measuring distance
along a ray. For the problem at hand, these variables may be
chosen as

DE=z—pr 2)0 3)F 6)
and, expressed in these variables, the linearized solution takes
the form
w=gew( 0,7 =

c [DO)—-C(O)]-BO)(=Z/p)' *+ - for£ <0 )
[D(O)—CO] - AOE&/pPY2+--- forE>0
with similar expressions for the remaining perturbation
quantities.

Next, Whitham introduces the hypothesis that the linearized
solution (7) will furnish a correct first approximation near the
wavefront (£ = 0), as well as away from it, if £ is replaced in
the linearized solution by a variable £ which is a better
approximation to the nonlinear characteristics. Assuming that
the characteristics £ = const lie close to their linearized position
Z = const, &, is negligible compared to &7 and ¢,, and a first
improvement to the characteristics satisfies the same equation as
given by Whitham® for the axisymmetric case, namely

(0z/0F) 5 = B+ B*Kw— M*(u+ pw), where K = (y+ H)M*$~3

®)
To furnish an initial condition for Eq. (8). Whitham requires
that & = & when ¥ = 0. Thus, Whitham’s hypothesis, together
with Egs. (7) and (8) yield

w=ew(&,0,7) =
. {Dw)— C(0)— B(O)(— £/BD"*+ -
D(0)— C(0)~ AO)(&/pP)! 1 + -+
and so on, with

i fr= é+s{(ﬁ21< M) J "W 0, 1) di—

0

for £ <0

for ¢ >0 ©)

M? ru‘“(é, 0.1 dt} (10)

0

Near the wavefront, as (¢/fF) — 0, Eq. (10) reduces after some
algebra to

z— BF = E+eBEO)F— e2B¥2KF(E)(F)Y > + -+ (11)
where
E@6) = —BKC(0)+(M2/2/32)[2+()7~ I)MZ]D(G), and
_(BO)N—-OY? for £<0
Ho= {Aw)@”z for >0

Unless A <0 and B> 0 the “corrected characteristics”
[Eq. (11)] overlap, the approximation is multivalued, and the
last step in Whitham’s procedure is the construction of a shock
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based on the approximation that at each point the shock slope

is the mean of the slopes of the characteristics ahead of and

behind the shock. By methods discussed in Ref. 1, the shock

z = z (¥, §) is determined implicitly by

ALY+ B(= &% = (&~ E)[AL + B(— )]
z— fF = &, +eBEF—2B¥2KB(~ &, 7)/? (12)
z— BF = &, + efEF— e2B¥ 2K A(E,7)V?

where £, < 0 and &, > 0. The conical nature of the Whitham

approximation in this case can be made evident by introducing

the parameter a = (¢/f7). Then, for example, the pressure is

given by

(D—C)—B(— )2+ (2 < 0)

e M 2wD) = —e¢M?
p = —eM*w'a, 6) eM { (D—C)— AW+ - (a > 0)

(13)
where, from Eq. (11)
(1/)—1 =a+eE—e2BKF(a)+ -~ (14)
The shock defined by Eq. (12) may be determined from
Aoy¥?+B(—0,)3? = 3¢BK (A%, + B, } (15)

with o; <0 and a, >0 each satisfying Eq. (14). « may be
expressed explicitly in terms of r and 6 by solving Eq. (14), a
quadratic equation on (+a«)Y/% these in conjunction with
Eq. (15) give the shock location, and the strength is determined
from Eq. (13). If the values of 4 and B are not such as to
produce a shock, there is a characteristic of discontinuity on
a=0. In any case the curve of discontinuity (shock or
characteristic) is represented by r = 1 —¢eE(8)+ o(e).

To examine the field in the neighborhood of this curve of
discontinuity and to compare with the results to be derived in
Sec. 5, an “inner expansion” is extracted from the Whitham
approximation by defining the inner variables

X =¢ *{(1-r)—¢E@®)} and 0 (16)

and expanding the Whitham approximation for ¢ — 0, holding X
and 6 fixed. To two terms this algebraic expansion yields

(U, w, p, p) = e(UV, WO, p) ROV 4 2@ @ pd Ry 4 ...

and v=eVV 42V 4 an
where
U = BC, V& = g dD/do,
WW=_M2PpV = M 2RN=D_C

Bt,'/?

(2)
U= ﬂ{Atzl/z

} V<2>=—/5{_§1} (d/d0)(C—D) for
2

{X < X,,} (18)
X > X,
W(Z) = _—M72P? = _M"2R® = _Ig~1U(2)
and

t, = {{(BKBY’~ (X + E*)]"*— BKB}*

t2 = {[(BKA)* +(X + E})]"/* + BKA}?

X 0) is the curve of discontinuity: a characteristic if 4 <0
and B > 0 given by X, = — E*(6), or a shock given implicitly
by

(19)

At,¥?+ Bt,*? = 3K {A*1,— B’t,} (20)
together with Eq. (18). The shock strength is computed from
Egs. (17) and (18) as

P2—P1 = (P2—P1)/vpo = 52M2{3t11/2_At21/2} + (21
where t,(0), £,(0) are determined by Egs. (19) and (20). Thus, the
shock strength, a quantity of primary interest, is seen to be
0(¢?), and the shock is seen to lie “in” the inner region. In
regions where the linearized solution predicts undisturbed flow
outside the Mach cone of the apex, the upper series in Eq. (5)
vanishes identically. The results above may be specialized to tbls
case simply by setting B = C = D = 0 (which implies E = 0), with
one modification : since in this case v'") = —28(dA4/d0)(1—r)**+

. ..., the inner expansion for v has the form

v = —e*2p(dA/dO),> 2+ (X > X)) (21a)
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An examination of the inner results, Eqs. (17-21a), shows a
discrepancy. Brief reflection indicates that these results cannot
be correct to second order. For example, in the case of the flat
rectangular plate at an angle of incidence tan™'e, the field
ahead of the shock/characteristic is known exactly,” and has the
form

v=eV W4V P4 p=ePV+ePP 4 (22)
and so on, where the V@ and P® are nonzero in the region of
two-dimensional flow outside the influence range of the apex.
But for this case B vanishes [along with all succeeding co-
efficients in the upper series, Eq. (5)], and therefore the Whitham
approximation indicates that, in the plane flow region

v=28VV14o0(e), p=ePP+o(e?) etc (23)
On the other hand it will be shown that the shock strength
obtained from Egs. (19-21) agrees exactly with that found by
Lighthill® using his method of coordinate straining. This raises
the question: if Whitham’s procedure does not give correct
asymptotic representations to second order for the flow variables
ahead of and behind the shock, does it predict correctly the
changes in these quantities across the shock (the shock strength),
which are of second order, [0(s?)]? This problem can be
illuminated by a study of the flow near the wavefronts via the
method of matched asymptotic expansions, which is explained in
Ref. 4.

V. The Inner Expansion

The method of matched asymptotic expansions seeks to
correct the deficiency of the linearized solution (5), which is the
first term of an outer asymptotic expansion, by providing
supplementary inner expansions to represent the solution in
regions where the outer expansion is not valid: in this case, near
r = 1. Such inner expansions are then assumed to be related to
the contiguous outer expansions by the asymptotic matching
principle stated in Ref. 4. The first step in this procedure
requires that new independent variables be defined which are
0(1) in the region of nonuniformity. An appropriate definition
for such variables is

X=¢"41-r) and 0 itself (24)
Examination of the linearized solution with regard to matching

considerations indicates that the exact solution has an expansion
of the form
(@, w, p, p) = (0D, WO pu) Ry
SIHOD, WD PO ROV, ... and
v=eV DL (25)

where U, 7V etc, are functions of X and . Of course, the
asymptotic sequence of gauge functions in Eq. (25) could be left
unspecified. In that case the form Eq. (25) would result upon
application of matching conditions with the outer expansion.

Equations for the determination of UV, ¥ etc, can be
obtained by inserting the expansions (25) into the conical form of
the field equations (1), and equating the coefficients of like
powers of &. This is a tedious, but purely mechanical, procedure,
and it is omitted here. However, one difficulty which arises at
this stage must be noted. Direct expansion of the conical field
equations (1) written in terms of conical variables, leads to a
redundant set of first-order equations from which U", ... RW
cannot be determined (this problem is discussed further in
Ref. 5). This difficulty can be overcome as follows: the equation

AV -v=v-V(3v-V), where c¢*=yp/p (26)
can be derived from Eq. (1) by a manipuiation not involving
differentiation of any equations of (1). Equation (26) is then
transformed into conical variabies (r, §), which yields an equation
of the form
a1(q)u,+axq)v, + ax(@w, + by(qhuy + balg)vy + bal@)w, +clg) = 0

27
where g = (u, v, w, p, p). Next, using the momentum equation
from (1), it can be shown that
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W, = — /B, — (/M) u=— (/B (1 +w)} "1 x

M0, +(r/B)(MP0u,— M%) (28)
If w, in Eq. (27) is replaced by its expression in Eq. (28) the
following equation results
[B2r(1+7p)~ M>Bru(l +p){fu—r(1 +w)} +r*(1+yp)—

M?r(1+ p)(1+ W) {r(1+w)—Buj Ju, + B*(1 + yp)(u+vy)—

MR ows— (B/M*r){u—(r/B)(1 +w)} ™ x

{M?vwy+(r/BY(M *vuy— M?0?) [MPr(1 + p){r{1 +w)— Bu} x

(1 +w)—r* 1 +yp) ]+ M2 Brov,(1 + p){r(l + w)— Pu} —

M2 powy— M2Bo(1+ p){uu, + vo, + ww,) = 0 29)
The last of Eq. (1) is replaced by Eq. (29). This new set of
five field equations is equivalent to Eq. (1) (in conical form) and
when the expansions, Eq. (25), are inserted in these equations,
there result sets of five independent equations for the determina-
tion of O, ..., R™® etc. Equation (29) has the advantage that it
leads directly to simple inner equations on U and 0.

These equations can easily be integrated, and when the
matching conditions of Ref. 4 are imposed between the expansion,
Eq. (25), and the one-term outer expansion (linearized solution),
most of the arbitrary functions of integration can be determined
and one finds

0 =BC, ¥W = pdpjde,

W= M 2PO = M 2RO =D-C
B(E-X)V% X <E
@ _
o =5 {A(X~E)”2; > E}’ G0
7@ = g(g)’ W@ =~ _MfZP(Z)
= MR
= —pig®

where E(0) is defined in Eq. (11).

The arbitrary function of integration g(6) cannot be deter-
mined by matching with the one-term outer expansion: higher
order terms in the outer expansion are required. For reasons
discussed in Ref. 6, the appearance of a square root singularity in
the second terms of Eq. (25) indicates that this expansion is
invalid sufficiently close to X = E(0), where shocks or character-
istics of discontinuity are expected ; the singularity will be com-
pounded in higher order terms of the expansion. For this reason
Eq. (25) is designated the “middle expansion,” and an “inner
expansion” is sought to describe the flow near X = E(6). To
this end, an “inner variable” is defined

X =YX —EO) = 3{(1-r)—cEB)} (31
so that the “size” of the inner region is 0(:%) about
I—r = E(®).

An inner expansion, which will satisfy matching conditions
with the expansion Eq. (25), is sought of the form
(u’ w, p, P) — S(U(l), W“), P(l), R(l))+82(U(2), W(Z), P‘Z), R(Z))+

(32

v = BV“)+82V(2)+85/2V(3)+83V(4)+
where the U®, V@ etc,, are functions of X and 6 only.

The first-order problem can be easily formulated and solved;
matching conditions are imposed between the one-term inner
and middle expansions yielding the solution

Ut = gC, VY = B dD/db,

Wi = _M PW = _M RO =D-C

The second-order inner problem will be considered in more

detail. The set of five second-order inner equations can be
written in divergence form as

(33)

PO—(MYpHUD 0 -0
5 |RO=2ipu 0 0
b (2) (2) il =0
ax| WEOHWHUS 1+ 0 |+ 0
v 0 0
L (0— KUy V@ —3UP— Y40
’ G4
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where
Q0 = 2{X —y,(0)+(M?/2)[2ABUP — WD)+ P> — RV}

¥1(0) = 3E*+ (2% 1y(2+ MH)EPD +(28%) ' x

MZ{(W(1)+R(l))(W(l)_ﬂU(l))+R(1)W(1)_

BUDWD 4. R _ UMW _2F)—

E6W™® —28UM 4+ 3RM)} —LdE/dO) 1 +2(M?/p)VD]
Ya6) = —(@WV/d0)[ B(dE/d§) —2M* V)]

The shock conditions satisfied by weak solutions of Eq. (34)

follow immediately.® Assuming |dX/d6] < oo on the shock, these
conditions are

(2>_Ai2 <2>]=[ (2)_1‘12 (2)}2[ @, L (2)}
[P 3 U R 5 U w +ﬁU (35)

= [V®] = [(@-KUPUD] =0

where the brackets denote the jumps in the quantities across
the shock. The first four equations of (34) may be immediately
integrated to yield

M2 M?
R® = 7 UP+g,6), PP = ?— UP +g,0),

1
W — _ 5 U4 g,0), VP =g,0) (36)

and the first four shock conditions of Eq. (35) require that all the
g;(6) be continuous across any shocks. Using Eq. (36), the last
equation of (34) may be written as

2H{X -9+ KUPIU,D—UD = y(6) 37
where

$(0) = ¥,(6) +(M?/2*)(2g5 +9,—792)
and
Y(0) = y,(0)+dg,/db.
If U,® # 0, the general solutiop of Eq. (37) is
LI
2g5(6)

[1+£(1-205OWO- K '[X=9@I)"*]-v©O) 8
where g4(8) is an arbitrary function of integration. This function
may be determined by imposing the matching condition that
the two-term inner expansion of (the two-term middle expansion)
be equal to the two-term middle expansion of (the two-term
inner expansion). This yields

U® = ﬂB{[(ﬁKB)z—(X—l")]”z-—ﬁKB}—x//; X < X0
BA{L(BKA +(X —D)]'2+ KA}~ 5 X > X 0)
39
where T'(6) = ¢+ Ky, and X (0) represents the shock or
characteristic of discontinuity: Equations (36) and (39) give the
Jform of the second-order inner solution; however, it does not
appear possible to determine the arbitrary functions g¢,(6)
through ¢,(6) without having available, at least in the region
outside the range of influence of the apex, higher-order terms
of the outer expansion. These are, in general, difficult to obtain,
but they are readily available for a few simple situations such
as the flat rectangular plate at incidence to be considered
shortly. The characteristic is the curve on which derivatives of
U@, and of the other flow variables, are discontinuous; from
Eq. (39) this curve is given by X, = I'(6). If a shock exists, then
the last of the shock conditions (35) must be satisfied on it.
Auxiliary variables are defined as follows :

F(X.0) = (BK)"*[T(6)— X] (40)
Z,(X,0) = (B2+F)Y?—B, z,X,0)=(A2—F)"?1 4 (41)
Then, on the shock,
F=F[X,0),0]=F(@®), z; =20, z,=2x0)

U(X, 6) =

and
2Bz, +2,% = 2z, z,° @2)
U® may be written as:

AIAA JOURNAL

U@ = {ﬁzKBZ1°|//; X< Xd} @3)

BKAzZ,—; X > X,
In terms of these auxiliary variables, the last shock condition
becomes

{B°K Bz, —y}{—35°K*Bz, - 28°K?z, >+ Ky} =
{B*KAz,—y}{—3B*K?Az,+ 28K ?z,* + Ky}
which, using condition (42) reduces to
Az,*+Bz,® =3{A4%,*~ B?*z,%} (44;
Equations (42) and (44) determine z; and z, on the shock as
functions of 6, and therefore determine F(f). However, the shock
location cannot be determined to second order from Eq. (40)
because I'(f) contains the undetermined functions g4, g5, ¢5-

On the other hand the shock strength may be determined
regardless of these undetermined functions as follows:

= = MZ
P2—DPy ={8(D—C)+82<?U2{2)+g2>+"'}_

YPo
2
{a(D— C)+sz<yﬂ- U1‘2’+g2> + }

Pa—P1 _ 70+ 1DMC

= Az,— Bz} + - 45
P € 25 { Z3 21} 45)

Thus Eqs. (42, 44, and 45) define the shock strength, in-

dependently of the second-order shock location, a situation

analogous to that found by Lighthill in Ref. 6. The pair of

Eqs. (42) and (44) can be shown to be equivalent to

2Bz, +7z,% =2A4z,—z,% = $(A4z,+Bz,) (46)
From Eq. (41) and the second of Egs. (46) the following
equation on F(8) results
A(A2—F)Y2 4+ B(B*+ F)Y*4+ A?—B? = 2F @7
Equations (45) and (47), which define the shock strength as a
function of 6 are exactly the same as those derived and discussed
in Ref. 6.

In regions where the linearized solution indicates that the
flow outside the Mach cone of the apex is undisturbed, the
upper series of Eq. (5) vanishes identically. Here the exact
solution vanishesfor X < X, implyingthatg, =g, =g; =g, =
E =T = 0, and the leading terms in the expansion of u, w, p, and
p, which are all 0(¢?), may be obtained directly from Egs. (36)
and (39). (The middle expansion is superfluous in this case.)
Equation (36) indicates only that v = o(¢?). This special case has
been studied in detail in Ref. 5, where it is shown that, in fact,

v=—e*2B(dA/dO){[(BKAY + XV +BKA}P+ -~ (48)
If a shock exists, its location and strength can be determined
to 0(¢?) from the formulas of this section by setting B =0,
which yields
X, = —3(BKA)? and ()p,—p,(1)/p, =
e+ DMOB™24%+ - (49)

or

V1. Discussion

In regions where the flow ahead of the Mach cone of the
apex is undisturbed, comparison of the inner expansion obtained
in the last section, with that extracted from the Whitham
approximation show that the two do not agree to second order,
although the first-order terms coincide. Thus, the second-order
terms for v cannot agree unless g,(f) vanishes; similarly the
second-order expressions for u cannot agree unless (6) vanishes
and I'(f) = — E*(0). That these conditions do not hold in
general can be seen from the example of the flat rectangular
plate discussed below. In these regions the first-order inner
field is simply the limit of the linearized field as r — 1: Whitham’s
theory does not predict deviations from these linearized values
correctly. On the other hand, in regions where the flow outside
the Mach cone of the apex is undisturbed, the 0(¢) terms vanish,
and the Whitham results agree exactly with those obtained by
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the method of matched asymptotic expansions. Finally com-
parison of the expressions for the shock strength [Eqs. (19-21,
42, 44, and 45] show that the shock strengths deduced by
both methods agree, whether or not the fiow ahead of the shock
is undisturbed. However, Whitham’s method does not give the
location of the shock correctiy to 0(g2).

As previously noted, the arbitrary functions arising in the
integration of the second-order inner problem ultimately must
be determined by matching with the two-term outer expansion.
For illustration, a simple example for which the matching may
be done explicitly will be used: namely, a flat, rectangular plate
at an angle of incidence tan ! ¢ to the oncoming stream. In this
case the exact solution is known’ in the region of two-
dimensional flow outside the range of influence of the apex
(shock/characteristic of discontinuity). This solution is zero for
/2 < 0 < 3w, and

u =gl sinO)+eX(—p ‘sinh)+ -

v == e(F cos O)-+e*(~p " cos B+ -

W= e+ e g A YK

p = (T M e - M2EHL-4BK)) 4 -
p = (M) e MAAFH o1 B+ (L34 +

(30)
The upper signs apply in the region 0 < 8 < n/2, while the lower
signs apply in 37 < 8 < 2n. (The Prandti-Meyer expansion fan
above the plate is disregarded in this analysis.) As Eq. (50) holds
up to the shock/characteristics, it is simultaneously the two-

term outer, middle, and inner expansion. For this case B =0,
and from Eqs. (36, 39, and 50}, it follows immediately that

Y0y =B *sin G, g6 = —B tcosd etc (31)
The curve [(0) which gives the location of the shock/
characteristic to 0(e?) can be computed from the expressions
given previously, but this siep 1s omitted here. The second-
order inner perturbation pressure, #, is defined as n =
& }p—eP™M). Then the jump in n across the shock, a measure
of the shock strength, is from Eq. (45)

S (”ifﬂ) = CKEMAANO o (52)
Po -

(The subscripts 1 and 2 refer to quantities evaluated on the front
and back side of the shock, respectively.) -

Figure 1 displays these results graphically. For the flat plate,
A(9) is, from Ref. 6,

A(#) = —1an 0/p sin (6/2)
The values of the parameters chosen are M =2, y = 1.4, and
my = 1y (0 = 0) = — M2B" (i - 3K/2). In this simple case of plane
boundaries, 7, is a constant, whereas, of course, for curved
boundaries it varies. The figure shows that Whitham’s technique
gives 7, incorrectly as identically zero in this case, but that it
does give (n, - 7;) (the shock strength) correctly.

It should be remarked that Whitham’s approximation may
be obtained as a first term of an expansion of the solution in
terms of characteristic parameters, studied by Lin® in two-
dimensional problems. Viewed in this context, it becomes clear
that second-order terms in this expansion can contribute to
second-order terms in the inner expansion, and therefore it
should not be expected that the Whitham approximation con-
tains the two-terni inner expansion. Thas it 1s rernarkable that the
Whitham approximation gives the shock strength correctly to
0(z?). The nonuniformities of the outer expansion near plane
wavefronts, and near the points of tangeucy of these wavefronts
and the Mach cone of the apex have not been considered here.
These probleims are further discussed in Ref. S.

VII. Conclusions
A comparison of results obtained by Whitham’s technique
and an analysis by the method of matched asymptotic expan-
sions, leads to the following conclusions i the case of flow near
the Mach cone from the apex of a thin contcal body:
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"y fitharnte et
e by Whitharn's rmethod

% from Eq.(50)

e T2y Wihitharns method & Eq.(52)
©

M:=20 Y=

Fig. 1 Second-order pressure and shock strength near the Mach cone
from the apex of a flat, rectangular plate at incidence .

1) The Whitham technique gives a correct first approximation
for the flow variables everywhere.

2) The Whitham technique does not give a correct second
approximation for the flow variables in regions where the fiow
outside the Mach cone is disturbed.

3) Nevertheless, the Whitham technique correctly gives the
discontinuity in the second approximation to the flow variables
across a shock in the regions (2). Thus Whitham’s method gives
a correct first approximation to the shock strength everywhere.

4y Whitham’s method gives a correct first {but not second)
approximation to the displacement of the shock/characteristic

- from its linearized position.

The terms first and second approximation are used here in
the precise sense of asymptotic limits described in the fifth
section.
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